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Abstract
High Energy Physics, Astrophysics and Cosmology

Institut de F́ısica d’Altes Energies

Master Thesis

Veneziano amplitudes for the light-by-light scattering

by Aleix López

The anomalous magnetic moment of the muon aµ induced by the pseudoscalar-
pole contribution to the hadronic light-by-light scattering is considered using a de-
scription of the π0γγ, ηγγ and η′γγ transition form factors in the pion-pole approx-
imation based on the Dual-Large Nc QCD model. This framework improves consid-
erably the VMD and LMD results by summing up all the infinite number of zero
width resonances that appear in the large-Nc limit, with masses and couplings fixed
so that the form factors become Euler Beta functions of the Veneziano type. The
resulting two-loop integrals are treated by first performing the angular integration
analytically, using the method of Gegenbauer polynomials, followed by a numerical
evaluation of the remaining two-dimensional integration over the moduli of the Eu-
clidean loop momenta. The results obtained aLbL;PS

µ EVMD = (6.2 ± 1.2) × 10−10 and

aLbL;PS
µ ELMD = (7.3 ± 1.2) × 10−10 are below the average. Complementing these re-

sults with those from the ”Glasgow consensus” we have obtained the discrepancies
∆aEVMD

µ ≈ 4.4σ and ∆aELMD
µ ≈ 4.3σ, which substantially increase the discrepancy

of 3−4σ between experiment and theory that has been obtained from the most recent
models and data. Therefore, it is a sign of New Physics more promising than before.
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Chapter 1

Introduction

The anomalous magnetic moment of the muon aµ is one of the most accurately
measured quantities in particle physics [49]. The high precision of measurement, as
well as theoretical prediction, renders aµ a very promising signal of new physics if a
deviation from its prediction in the Standard Model (SM) is found.

aµ is sensitive to all three interactions of the Standard Model. The most commonly
known of them is the electromagnetic interaction, described by Quantum Electrody-
namics (QED). It can be treated perturbatively and is calculated straight forward.
The impact of the weak force is small but traceable. However, the strong force, de-
scribed by Quantum Chromodynamics (QCD), yields considerable contributions to
aµ and due to the non-perturbative nature of QCD, the calculation of its physics
is quite involved. That is why the largest uncertainties in the SM prediction come
from the leading hadronic contributions: the hadronic vacuum polarization and the
hadronic light-by-light scattering insertions. In order to compute them, most groups
resort to effective field theories that use, e.g. mesons as degrees of freedom [33].

aexp
µ measured by Brookhaven National Laboratory (BNL) E821 experiment rep-

resents an interesting but not yet conclusive 3.4 sigma discrepancy from the Standard
Model prediction (aSMµ ) [64]. The latest E821 measurement was performed in 2001,
but the two next generation muon g− 2 experiments at Fermilab in the US and at J-
PARC in Japan have been designed to reach a four times better precision of 16×10−11

(from 0.54 ppm to 0.14 ppm) and expects to collect 21 times the E821 statistics [40].
The first and the last results are expected to release in 2018 and 2020 respectively.
If the precision is improved and the central value stays unchanged, the difference
between theory and experiment will rise up to 7.5 standard deviations. This could
be an even clearer sign of new physics beyond the Standard Model (BSM).

The structure of the thesis is as follows: In the remains of this chapter, we proceed
to give a general overview of the basic concepts of the magnetic moment of the muon.
We describe the experimental extraction method and put special emphasis on the
Fermilab E989 experiment. We make a compilation of the contributions present in
the Standard Model and give a synopsis of the current values of said contributions.
Then, we discuss very briefly the discrepancy aexp

µ −aSMµ and the many interpretations
of BSM that could handle with it.

In chapter 2 we present our framework. It elaborates on general aspects of the
hadronic light-by-light contribution to aµ and the full rank hadronic vacuum polariza-
tion tensor Πµνλρ. We explain the steps we took to extract the anomalous magnetic
moment. We focus on the pion-pole contribution using the method of Gegenbauer
polynomials. Then, we present our calculations of the transition form factor and the
electromagnetic form factor in the framework of Dual-Large Nc QCD (Dual-QCD∞).

In chapter 3 we present the results of the thesis and discuss its behaviour. We
compare our findings with those of other references.
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A short summary and conclusion of the thesis is given in chapter 5, as well as
future directions in this line of work.

1.1 The anomalous magnetic moment

Consider the Pauli equation. This is the Schrödinger equation for spin-1/2 parti-
cles, which takes into account the interaction of the particle’s spin with an external
electromagnetic field. It is the non-relativistic limit of the Dirac equation.

i~
∂ϕ̂

∂t
= Ĥϕ̂ =

[
1

2m
(p− eA)2 + eΦ− e~

2m
σ ·B

]
ϕ̂ (1.1)

where

ψ = ψ̂e−i
mc2

~ t and ψ̂ =

[
ϕ̂
χ̂

]
(1.2)

are Dirac four-spinors, ϕ̂ is a Pauli two-spinor, m is the mass of a particle, e is
its electric charge, σ are Pauli matrices collected into a vector, B = ∇ × A is an
external magnetic field, and Ψ and A are scalar electric and vector magnetic potential
respectively [40]. The last term, which presents potential energy of a magnetic dipole
in an external field, is the one we are interested in. It has the form of a magnetic
interaction Hamiltonian −µ · B, so we can define the particle’s intrinsic magnetic
dipole moment

µ =
e~
2m
σ =

e

m
S; S = ~s = ~

σ

2
(1.3)

where S is the spin angular momentum and s is the spin quantum number. For
comparison, the orbital magnetic moment is

µorbital =
e

2m
L = gl

e

2m
L; L = r× p = ~l (1.4)

where L is the orbital angular momentum. Now we can construct the total magnetic
moment

µtotal =
e

2m
(glL + gsS) =

me

m
µB (gll + gss) (1.5)

where gl and gs are the orbital and spin g-factors (gyromagnetic ratios) respectively
and

µB =
e~

2me
(1.6)

is the Bohr’s magneton. If we consider a lepton and thus use negative electric charge,
then also gl and gs are actually negative, gl = −1 and gs = −2. The latter is

the famous result, which we get from Dirac or Pauli equation g
(0)
` = 2, but in the

framework of quantum field theory (QFT), the value is slightly exceeding 2 (for a
detailed discussion see [39, 40]).

If we neglect electrical fields, the quantum correction can be represented with a
single number, the anomalous magnetic moment, defined as

a` ≡
g` − 2

2
, (` = e, µ, τ) (1.7)

which we can get as a result of radiative corrections (RC) or sometimes called rela-
tivistic quantum fluctuations. We could say that the gyromagnetic ratio of a lepton
is defined as the ratio of the magnetic moment and the spin operator in units of
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µ0 = e~/2m`

µ = g`
e~

2m`
s; g` = 2 (1 + a`) . (1.8)

From the last equation, we can easily distinguish between the tree level part and the
anomalous part.

As we can observe from equation (1.7), the anomalous magnetic moment of a
lepton a` is a dimensionless quantity. If we use the most precise determination of the
fine structure constant α, which does not depend on ae, to calculate the theoretical
prediction of the electron anomalous magnetic moment (aSMe ), we see that the latter
is in good agreement with the recent extraordinary precise measurement aexpe [40].
aexpµ represents, unlike ae, an interesting but not yet conclusive 3.4 sigma discrepancy
from the Standard Model prediction aSMµ . The higher the mass of the lepton, the
more sensitive to BSM is its anomalous magnetic moment. This sensitivity to new
physics scales with (m`/Λ)2 where Λ is the scale of new physics. While ae is not so
interesting, even though it requires to push QED calculations to higher orders, aµ
is much more attractive due to the BSM sensitivity ratio (mµ/me)

2 ≈ 43000. It is
sensitive to all kinds of effects, and thus forces theorists to predict new theories of
physics beyond the Standard Model (see Sect. 1.4.1). If a precise measurement of
the τ magnetic moment would be available, the resulting anomality would be even
better suited to investigate anomalous contributions to the magnetic moment [33].

In this thesis, we are going to focus on the anomalous magnetic moment of the
muon aµ. The muon’s magnetic moment is illustrated as a Feynman diagram in
Fig. 1.1(a). This diagram shows the muon coupling directly to a photon from the

external magnetic field; it corresponds to the Dirac equation’s prediction that g
(0)
µ =

2. However, there is a large set of radiative corrections; these couplings to virtual
fields lead to the anomalous part aµ of the magnetic moment. These corrections are
represented symbolically by the “blob” in Fig. 1.1(b); any allowed intermediate state
may be inserted in its place. We will discuss the contributing effects in Sect. 1.3.

Figure 1.1: Feynman diagrams for (a) the magnetic moment

corresponding to g
(0)
µ = 2, (b) the general form of diagrams that

contribute to the anomalous magnetic moment aµ.
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1.2 Experiment

The anomalous magnetic moment of the muon aµ was measured in three experiments
at CERN (CERN I, CERN II and CERN III) between 1961 and 1976 and in the
E821 experiment at Brookhaven National Laboratory (BNL) between 1997 and 2001
[40]. Now, new experiments are on the way: one at Fermilab (E989) [28] in the US
and another one at J-PARC (E34) [65] in Japan. While the Fermilab experiment
represents a major upgrade of the Brookhaven experiment operating with ultra rela-
tivistic muons (as the later CERN experiments), the J-PARC experiment is planned
to use ultra cold muons and will be the first precise experiment using a very different
approach with rather different systematics.

The CERN, E821 and E989 experiments use the same principles: The study of
the orbital and spin motion of highly polarized muons in a magnetic storage ring. In
this section we are going to describe this mechanism and put special emphasis on the
E989 experiment, which is the most improved of all of them.

The experiment proceeds as follows: a collection of longitudinally polarized muons
is injected into a storage ring where they follow a circular central orbit in a magnetic
dipole field B and a vertically focusing electric quadrupole field E [29]. In the hori-
zontal plane of the orbit the muons execute relativistic cyclotron motion with angular
frequency ωc. On the other hand, the muons carry spin and thus a magnetic moment
which is directed along the direction of the flight axis. By the motion of the muon
magnetic moment in the homogeneous magnetic field, the spin axis is changed in a
particular way as described by the Larmor precession. After each circle the muon’s
spin axis changes by 12’ (arc seconds), while the muon is travelling at the same mo-
mentum (see Fig. 1.2). The muon spin is precessing with angular frequency ωs, which
is slightly bigger than ωc by the difference called angular frequency ωa = ωs − ωc.

ωc =
eB

mµγ
(1.9)

ωs =
eB

mµγ
+ aµ

eB

mµ
(1.10)

ωa = aµ
eB

mµ
(1.11)

where aµ = (gµ− 2)/2 is the muon anomaly, γ is the relativistic Lorentz factor and v
the muon velocity. Note that if the muon would just have its Dirac magnetic moment

g
(0)
µ (tree level) the direction of the spin of the muon would not change at all [40].

Figure 1.2: Spin precession in the storage ring plane.
Adapted from [40].
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As we have said, in addition to the magnetic field B an electric quadrupole field
E in the plane normal to the particle orbit is applied in order to retain the muons in
the ring. This field, modifies ωa to

ωa =
e

mµ

(
aµB −

[
aµ −

1

γ2 − 1

]
v ×E

)
(1.12)

Interestingly, one has the possibility to choose γ such that aµ− 1/(γ2− 1) = 0, in
which case ωa becomes independent of E. This is the so–called magic γ. However,
the muons are rather unstable and decay spontaneously after some time. When
running at the magic energy the muons are highly relativistic, they travel almost at
the speed of light with energies of about Emagic = γmµc

2 ≈ 3.098 GeV . Luckily,
γ =

√
1 + 1/aµ ≈ 29.3 is large enough to provide the time dilatation factor for the

unstable muons boosting the lifetime of a muon at rest τµ = 2.19711 µs to its lifetime
in the ring τflight = 64.435 µs. Thus, with their lifetime being much larger than at
rest, muons are circling in the ring many times before they decay into a positron plus
two neutrinos: µ+ → e+ + νe + ν̄µ.

At the end we are left with
ωa =

e

mµ
aµB (1.13)

which means that to measure aµ, we must precisely measure ωa and B. The muon
mass mµ is obtained from an independent experiment on muonium (for a more de-
tailed description see [40, 53] and references therein).

1.2.1 Fermilab E989 experiment

The E989 experiment begins with protons. About 12 times per second, Fermilab’s
accelerators smash a bunch of protons into a fixed target, creating different types of
particles. Scientists are interested in the emerging pions, which quickly decay into
muons with aligned spins. Magnets steer the pions and the resulting muons into
a triangular-shaped tunnel called the Muon Delivery Ring. As the particles travel
hundreds of meters around the ring, essentially all of the pions decay into muons

π+ → µ+ + νµ, π− → µ− + νµ (1.14)

This beam of muons is then transferred into the experiment’s precision storage ring,
which was used in the Brookhaven E821 experiment.

As the muons travel around the ring, they are decaying into neutrinos and positrons

µ+ → e+ + νe + νµ, µ− → e− + νe + νµ (1.15)

The neutrinos fly away undetected, but the positrons, which travel in the same di-
rection that the muon’s spin was pointing, can be measured. The ωa measurement
is performed by detecting them and fitting the time distribution of the decays with
a five-parameter fit. The magnitude of the magnetic field in the storage ring will be
1.45 T and must be as constant as possible [40].

1.2.2 Muon g − 2 experimental results

A summary of the anomalous magnetic moment aµ results from the various experi-
ments and data sets, showing the evolution of the experimental precision over time
is shown in Fig. 1.3.
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Figure 1.3: Summary of CERN and E821 results. Adapted from [40].

To underscore the tremendous improvement over time in experimental precision,
the most recent measurements are presented graphically in Fig. 1.4.

Figure 1.4: Results for the individual E821 measurements, together with the new
world average and the theoretical prediction. The CERN result is shown together
with the theoretical prediction by Kinoshita et al. 1985. The dotted vertical bars

indicate the theory values quoted by the experiments. Adapted from [40].

The most updated experimental value for aµ is given by

aexp
µ = 11659209.1(5.4)(3.3)[6.3]× 10−10, (1.16)

as an average of

aµ− = 11659215(8)(3)× 1010 and (1.17)

aµ+ = 11659204(6)(5)× 1010. (1.18)
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The first uncertainty is statistical and the second systematic. The total error is
given where statistical and systematic errors have been added in quadrature and it
is represented by a bracket [40, 50].

1.3 Standard Model contributions to aµ

In this section we give an overview of the different contributions to the anomalous
magnetic moment of the muon aµ considering the Standard Model of particle physics
as a frame of reference. We show where the magnetic moment appears in the Standard
Model, and we discuss the QED, QCD and weak interaction contributions. Finally,
we compare the extracted values from experiment and theory.

As we have seen in Sect. 1.1, in the absence of electrical fields E the quantum
correction of the magnetic moment of a lepton can be represented with a single
number, the anomalous magnetic moment, which is the result of radiative corrections
(RC). Since we are considering the interaction of a particle in an external magnetic
field, in order to study the radiative corrections we have to extend the discussion of
the preceding section and consider the full QED interaction Lagrangian

LQED
int = −eψγµψAµ (1.19)

where the photon field is a part of the dynamics but has an external classical com-
ponent Aext

µ

Aµ → Aµ +Aext
µ . (1.20)

Therefore we have to add to our set of contributions to the matrix element for the
scattering amplitude, an additional external field vertex −ieγµAext

µ [40]
As we have seen, the magnetic moment is related to the interaction of spin particles

with an external electromagnetic field. Then, in order to identify aµ we simply have
to take into account Feynman diagrams where a photon is interacting with a fermion
(in our case a muon) (see Fig. 1.5).

Figure 1.5: General Feynman diagram used to derive the contributions to the muon
anomalous magnetic moment. q is the photon’s four momenta, while p1 and p2 are

muon’s four-momenta. The shaded circle indicates the sum of the lowest-order
muon-photon vertex and all amputated loop corrections. Reproduced from [40].

We can identify this diagram with the following expression

(−ie)u (p2) Γµu (p1) = (−ie)u (p2)

[
γµFE

(
q2
)

+ i
σµνqν
2mµ

FM

(
q2
)]
u (p1) (1.21)

where Γµ is the muon-photon vertex function, u(p) denote the Dirac spinors, q =
p2−p1, FE(q2) is the electric charge or Dirac form factor and FM (q2) is the magnetic
or Pauli form factor. Note that the matrix σµν = i

2 [γµ, γν ] represents the spin 1/2
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angular momentum tensor. Taking into account the static limit, where there is no
momentum transfer q2 = (p2 − p1)2 → 0, we have

FE(0) = 1, FM(0) = aµ (1.22)

where the first equation is the charge renormalization condition (in units of the phys-
ical positron charge e), and the second one is the prediction for aµ, in terms of the
form factor FM [40].

The small correction aµ is consequence of many contributions which will be dis-
cussed in the following.

1.3.1 Quantum electrodynamics

By far the largest contribution to aµ comes from interactions described by QED, which
involve only diagrams containing leptons and photons. Contributions are calculated
perturbatively as the expansion in powers of α/π. Each loop leads to a factor α/π
[29].

Diagrams with virtual photons and muon loops

In this contribution only muons and photons are present, therefore it is mass inde-
pendent.

• 1-loop diagram [1 diagram]: It is the largest correction to the magnetic mo-
ment of the muon. It arises from the coupling to a single virtual photon as
shown in Fig. 1.6. This one-loop diagram leads to the famous Schwinger result

a(2)
µ =

α

2π
(1.23)

• 2-loop diagrams [7 diagrams]

• 3-loop diagrams [72 diagrams]

• 4-loop diagrams [891 diagrams]

• 5-loop diagrams [12672 diagrams]

Diagrams with one, two and three loops have been evaluated analytically. Neverthe-
less, for a complete evaluation of four and five loop diagrams one has to use numerical
methods. These two contributions are updating with time because of the progresses
in computing technology (for a detailed discussion with results and figures see [40]).

Figure 1.6: The lowest order QED contribution to a`. Reproduced from [40].
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Mass dependent diagrams

These terms include also electrons (lighter than muon) and tauons (heavier than
muons), thus they depend on masses, specifically on mass ratios me/mµ and mτ/mµ.
There are two types of diagrams:

• QED photon vacuum polarisation (QED VP): The lowest possible dia-
grams are 2-loop diagrams represented in Fig. 1.7 (a, b and c). The diagram
(b), which has a muon loop, was already counted in the mass independent con-
tribution. The higher the mass of a virtual lepton, the smaller the contribution
to aµ. Thus the diagram (a) yields the largest power correction of diagrams of
this type (for a detailed discussion see [40, 53]).

Figure 1.7: Three different 2-loop QED VP diagrams. Reproduced from [40].

• QED Light-by-light scattering (QED LbL): These diagrams are repre-
sented by closed fermion loops (in our case lepton) with four real photons at-
tached (γγ → γγ) (see Fig. 1.7 (a, b and c)). Remember that closed fermion
loops with three photons vanish by Furry’s theorem. The Feynman diagram
(b) was actually considered in the first type of diagrams with virtual photons
and muon loops. Again, this contribution depends on the mass of the internal
lepton, hence the diagram that contributes the most is (a) [40, 53].

Figure 1.8: Representative QED light-by-light scattering diagrams.
Reproduced from [40].

1.3.2 QCD

An important correction to aµ is to include hadrons. Quantum chromodynamics
(QCD) is the theory of strong interactions and shows up through the hadronic struc-
ture of the photon via vacuum polarisation starting at O(α2) or light–by–light scat-
tering starting at O(α3). Formally, these are the contributions obtained by replacing
lepton-loops by quark-loops (see Fig. 1.9). However quarks are strongly interacting
via gluons as described by the SU(3)color gauge theory, and while electromagnetic and
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weak interactions are weak in the sense that they allow us to perform perturbation
expansions in the coupling constants, strong interactions are weak only at high ener-
gies. In the interesting regime, at energies below 2 GeV , the perturbative approach
of QCD fails because the coupling constant increases (see Fig. 1.9). As before we
divide the whole contribution into two parts:

Figure 1.9: The hadronic analog of the lepton loops. One can see the main
difference between QED and QCD: Because the coupling constant increases
with decreasing energy, the quark-loop is full of quark-gluon plasma. This

effect is the so-called anti-screening. Reproduced from [40].

Hadronic photon vacuum polarisation (HVP)

HVP processes, as illustrated in Fig. 1.10, provide the second-largest contribution to
aµ. Because QCD is non-perturbative at low energies, this term is difficult to calculate
from first principles. Fortunately, it can be related to experimental data through
the dispersion relation [29]. This correction can be evaluated by using causality
(analyticity) and unitarity (optical theorem) together with experimental low energy
data. The imaginary part of the photon self-energy Πγ is calculated with the help
of the optical theorem using the total cross-section of hadron production in electron-
positron annihilation. Then, when we evaluate the diagram as a dispersion integral
containing Πγ , we get the aµ contribution (for a recent calculation see [14]). An
additional way to do this, is to make use of experimental τ -decay data [40].

Figure 1.10: The leading order hadronic vacuum polarization diagram.
Reproduced from [40].

Hadronic light-by-light scattering (HLbL)

HLbL scattering is a much more problematic set of hadronic corrections. Even for
real-photon LbL scattering, perturbation theory is far from being able to describe
reality, not to mention the non-perturbative approach [36, 41].

The HLbL scattering consists of a full four-point function made out of four-vector
quark currents attached to the muon line with three of its legs coupling to photons
in all possible ways and the fourth vector leg coupled to an on-shell external photon
(see Fig. 1.11). The momenta flowing through the three vector legs of the four-point
function attached to the muon line runs from zero up to infinity, then covering both
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the non-perturbative and perturbative regimes of QCD. These two different regimes
are separated by a scale of about 2 GeV . Above this scale, the strong interaction
contributions have to match the perturbative QCD predictions in terms of quarks
and gluons [9, 11].

Figure 1.11: Hadronic light-by-light contribution to aµ. Reproduced from [40].

The difficulty here is that, unlike the HVP, this contribution cannot be expressed
in terms of experimental observables. In this case one has to resort to the low energy
effective descriptions of QCD like Chiral Perturbation Theory (CHPT) extended to
include vector-mesons. The so-called Resonance Lagrangian Approach (RLA), im-
plements Vector Meson Dominance (VMD) in accord with chiral structure of QCD.
Other effective theories are the Extended Nambu-Jona-Lasinio (ENJL) model or the
very similar Hidden Local Symmetry (HLS) model [40]. Lattice QCD is also being
used to provide estimates free from uncontrolled modelling assumptions. We will
discuss the HLbL thoroughly in Chap. 2.

1.3.3 Weak interaction

Weak interaction, described by the electroweak (EW) Standard Model, is the last
type of interaction that is contributing. Muon interacts weakly via heavy spin-one
gauge boson (W± or Z) or via Higgs particle (H). The leading weak contributions
in the unitary gauge are shown in Fig. 1.12. In spite of the fact that the unitary
gauge is not renormalizable, the relevant gauge invariant S-matrix element, may be
calculated directly in the unitary gauge. The advantage is that in this gauge only
physical particles are present and diagrams exhibiting Higgs ghosts and Faddeev-
Popov ghosts are absent. Notice that the diagram (a) exhibits a non-Abelian triple
gauge vertex such that the corresponding contribution provides a test of the Yang-
Mills structure involved [40].

Figure 1.12: The leading weak contributions to aµ; diagrams in the physical
unitary gauge. Reproduced from [40].
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The weak 2-loop corrections are also taken into account. They are the electro-
magnetic corrections of the 1-loop diagrams. Instead, the weak 3-loop effect re-
mains uncalculated [40, 17]. Consequently, the electroweak error is dominated by
the missing 3-loop contribution. However, the electroweak leading-log 3-loop effects

of O
[
GF√

2

m2
µ

8π2

(
α
π

)2
ln MZ

mµ

]
has been evaluated using renormalization group arguments.

The results show that those effects are negligible
[
∼ O

(
10−12

)]
for the accuracy

needed at present [53]. For a detailed calculation see e.g. [17].

1.3.4 Summary of Standard Model contributions

The common estimates for QED, QCD and EW corrections are collected in Fig. 1.13.

Figure 1.13: Standard Model contributions to aµ. Reproduced from [49].
For a detailed information see references therein.

1.4 Comparison between theory and experiment

As we have seen in equation (1.16), the most updated experimental value for aµ is
given by

aexp
µ = 11659209.1(5.4)(3.3)[6.3]× 10−10, (1.24)

and the theoretical value obtained adding up all the contributions form the SM (see
Fig. 1.13) is given by

aSM
µ = 11659179.1[6.2]× 10−10, (1.25)

which gives an unexplained discrepancy

∆aµ = aEXP
µ − aSM

µ = (30.0± 8.8)× 10−10 (1.26)

of about 3.4σ [49]. This difference is one of the main reasons why the anomalous
magnetic moment is and will be in the next years, a very interesting field of study. It
probes the borders of our understanding of particle properties in the Standard Model.
If this difference cannot be resolved within the Standard Model, we need to look for
new physics contributions not covered by QED, QCD and weak interaction. Some
options for the reason of such difference are announced as follows:

• Statistical uncertainties: All the experiments of this type are statistical
processes, so physicists could have measured large statistical fluctuation which
is far away from the theoretical value.

• Underestimated systematic errors: Many different measurements are done
to get the final result. Maybe all these contributions to systematic uncertainties
are underestimated.
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• Incomprehension of the Standard Model: The current SM (renormalizable
electroweak theory and QCD) may not have been correctly evaluated. No one
doubts in the main terms derived from QED and the weak interaction, but the
calculation of the hadronic part of aµ is complex and in some parts approximate.
We actually do not know all the things that can contribute and that is the reason
why the dispersive approach is used. Therefore, the biggest puzzle, in theory,
is the hadronic part.

• Physics beyond the Standard Model: QED contributions have not an as
important role for aµ as for ae. This is also the reason why aµ is much more
sensitive to BSM. There are contributions that cannot be explained with the
SM, but we do not know what they actually are. See Sect. 1.4.1.

1.4.1 Possible contributions to aµ from new physics

There are many interpretations of BSM that could handle with aEXP
µ − aSM

µ :

• Supersymmetry (SUSY)

• Dark photon

• Extra dimensions (ED)

• Additional Higgs bosons

• Radiative muon mass scenarios

• Anomalous W boson properties

• New gauge bosons

• Leptoquarks

• Bileptons

Nevertheless, our purpose here is not to intervene in this ongoing debate. For a
detailed discussion see e.g. [40, 29].
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Chapter 2

Framework

This chapter gives an overview of the method used as well as the calculations to
extract the contributions to the anomalous magnetic moment of the muon from the
hadronic light-by-light scattering (see Sect. 1.3.2 for an introduction of the HLbL).

The HLbL cannot be directly related to any measurable cross section and requires
knowledge of QCD at all energy scales. Since this is not known yet, one needs to
rely on hadronic models to compute it. Such models introduce systematic errors
which are difficult to quantify. Using the large-Nc [67] and the chiral counting, de
Rafael [7] proposed to split the HLbL into a set of different contributions: pseudo-
scalar exchange (dominant), charged pion and kaon loops, quark loop, and higher-spin
exchanges. The large-Nc approach however has at least two shortcomings: firstly, it is
difficult to use experimental data in a large-Nc world. Secondly, calculations carried
out in the large-Nc limit demand an infinite set of resonances [49]. Dealing with such
sum remains cumbersome, and to a large extent illusory, since the characteristics of
these states (masses, couplings, etc.) are in general not known. It has, however, been
shown in several instances (see, e.g. [43] and references therein) that keeping, in each
channel, only a finite number of resonances, supplemented with information on the
QCD short-distance properties coming from the operator product expansion, already
gives a good description of quantities like form factors or correlation functions in the
Euclidean region, especially when they occur in weighted integrals over the whole
range of momenta.

The structure of the chapter is as follows: We begin calculating the HLbL contri-
bution to the anomalous magnetic moment of the muon aµ. A complete discussion
of the HLbL contribution involves the full rank-four hadronic vacuum polarization
tensor Πµνλρ, which is a rather involved object: Its general covariant decomposition
involves 138 Lorentz structures. We focus on the pion-pole contribution. Fortunately,
this contribution we are interested in corresponds to the lowest-mass part of Πµνλρ

that is leading in the large-Nc limit, which might provide an explanation as to why it
happens to constitute the dominant fraction of the light-by-light scattering correction
to aµ. We leave for future work a complete discussion of Πµνλρ within a theoretical
framework close to the one adopted here (and discussed below) for the pion-pole con-
tribution. We compute the pion-pole contribution to aµ using the model from Knecht
and Nyffeler [43]. The resulting two-loop integrals are treated by first performing the
angular integration analytically, using the method of Gegenbauer polynomials, fol-
lowed by a numerical evaluation of the remaining two-dimensional integration over
the moduli of the Euclidean loop momenta. However, one needs a model for the
transition form factor. Knecht and Nyffeler [43] considered form factors based on
the large-Nc and short-distance properties of QCD, that involve either one vector
resonance (lowest meson dominance, LMD) or two vector resonances (LMD + V).
Instead, in our thesis, we extend the vector meson dominance (VMD) and LMD
transition form factors by summing up the infinite number of zero-width resonances
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that appear in the large-Nc limit. In order to do so, the masses and couplings of the
zero-width states are fixed so that the form factors become Euler Beta functions of
the Veneziano type, involving one single free parameter which controls their asymp-
totic power behaviour. This model is called Dual-Large Nc. Following this scheme,
we also discuss the η and η′ poles in order to give a total value for the pseudoscalar
contribution, and the electromagnetic form factor of the pion used to compute the
pion-loop.

2.1 Calculating the HLbL contribution

The hadronic light–by–light scattering contribution to the muon electromagnetic ver-
tex function Γµ (p′, p) is represented by the diagram Fig. 2.1. According to this
diagram, the vertex matrix element is given by [40]

〈
µ−
(
p′
)
|(ie)jρ(0)|µ−(p)

〉
= (−ie) u

(
p′
)

Γρ
(
p′, p

)
u(p)

=

∫
d4q1

(2π)4

d4q2

(2π)4

(−i)3

q2
1q

2
2 (q1 + q2 − k)2

i

(p′ − q1)2 −m2

i

(p− q1 − q2)2 −m2

× (−ie)3 u
(
p′
)
γµ
(
�p
′ − �q1 +m

)
γν (�p− �q1 − �q2 +m) γλ u(p)

× (ie)4 Πµνλρ (q1, q2, k − q1 − q2)

(2.1)

where

Πµνλρ (q1, q2, q3) =

∫
d4x1 d4x2 d4x3 e

i(q1x1+q2x2+q3x3)

×〈0 | T {jµ (x1) jν (x2) jλ (x3) jρ(0)} | 0〉
(2.2)

is the full rank–four hadronic vacuum polarization tensor with |Ω〉 denoting the QCD
vacuum. The Momentum k = p′ − p of the external photon is incoming, while the
qi’s of the virtual photons are outgoing from the hadronic “blob”. Here jµ(x) denotes
the light quark part of the electromagnetic current

jµ(x) =
2

3
(uγµu) (x)− 1

3

(
dγµd

)
(x)− 1

3
(sγµs) (x) ≡ qQ̂γµq(x) (2.3)

It includes a summation over color of the color and flavour diagonal quark bilinears.

Figure 2.1: Setup for the calculation of the hadronic contribution of the light–by–light
scattering to the muon electromagnetic vertex Γµ (p′, p). Adapted from [40].
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Since the electromagnetic current jµ(x) is conserved, the tensor Πµνλρ(q1, q2, q3)
satisfies the Ward-Takahashi identities{

qµ1 ; qν2 ; qλ3 ; kρ
}

Πµνλρ (q1, q2, q3) = 0 (2.4)

with k = (q1 + q2 + q3). Taking the derivative ∂
∂kρ of kρΠµνλρ(q1, q2, k − q1 − q2) = 0

implies

Πµνλρ (q1, q2, k − q1 − q2) = −kσ (∂/∂kρ) Πµνλσ (q1, q2, k − q1 − q2) . (2.5)

Up to one-loop, the electromagnetic ``γ-vertex was discussed in Sect. 1.3, where
we deduced

u
(
p′
)

Γρ
(
p′, p

)
u (p) = u

(
p′
) [
γρ FE

(
k2
)

+ i
σρτk

τ

2mµ
FM

(
k2
)]
u (p) (2.6)

and
FE(0) = 1, FM(0) = aµ. (2.7)

Now, using equation (2.5) we obtain Γρ (p′, p) = kσΓρσ (p′, p), which inserted in equa-
tion (2.1) with (2.5) gives

u
(
p′
)

Γρσ
(
p′, p

)
u(p) = −ie6

×
∫

d4q1

(2π)4

d4q2

(2π)4

1

q2
1q

2
2 (q1 + q2 − k)2

1

(p′ − q1)2 −m2

1

(p− q1 − q2)2 −m2

× u
(
p′
)
γµ
(
�p
′ − �q1 +m

)
γν (�p− �q1 − �q2 +m) γλ u(p)

× ∂

∂kρ
Πµνλσ (q1, q2, k − q1 − q2)

(2.8)

As stated in equation (2.7), we are interested in extracting the form factor FM.
One may project out the form factors directly from the vertex function Γρ (p′, p) using
a projection operator technique (see e.g. [40, 58]). Considering the Ward-Takahashi
identities kρkσ u (p′) Γρσ (p′, p)u(p) = 0 and this technique, one obtains

FM
(
k2
)

= Tr
{

(�p+m)Λ(2)
ρ

(
p′, p

) (
�p
′ +m

)
Γρ
(
p′, p

)}
(2.9)

with the help of the projector

Λ(2)
ρ

(
p′, p

)
=

m2

k2 (4m2 − k2)

[
γρ +

k2 + 2m2

m (k2 − 4m2)

(
p′ + p

)
ρ

]
. (2.10)

In order to obtain the muon anomaly we need to work out the classical limit of the
form factor FM

(
k2
)

aµ = lim
k2→0

F2

(
k2
)

(2.11)

such that

FM(0) =
1

48m
Tr {(�p+m) [γρ, γσ] (�p+m)Γρσ(p, p)} (2.12)
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and finally

aµ =
−ie6

48m

∫
d4q1

(2π)4

d4q2

(2π)4

1

q2
1q

2
2 (q1 + q2)2

1

(p− q1)2 −m2

1

(p− q1 − q2)2 −m2

× Tr
{

(�p+m) [γρ, γσ] (�p+m) γµ (�p− �q1 +m) γν (�p− �q1 − �q2 +m) γλ
}

×
(

∂

∂kρ
Πµνλσ (q1, q2, k − q1 − q2)

)
k=0

.

(2.13)

This is what we actually need to calculate. The integral to be performed is 8 dimen-
sional, where 3 integrations can be done analytically. In general, one has to deal with
a 5 dimensional non-trivial integration over 3 angles and 2 moduli.

2.1.1 Full rank-four hadronic vacuum polarization tensor Πµνλρ

The hadronic tensor Πµνλσ (q1, q2, k − q1 − q2) we have to deal with, is a problem-
atic object, because it has an unexpectedly complex structure as we will see, in no
way comparable with the leptonic counterpart. The general covariant decomposition
involves 138 Lorentz structures [40]:

Πµναβ (p1, p2, p3) ≡ Π1 (p1, p2, p3) gµνgαβ + Π2 (p1, p2, p3) gµαgνβ

+ Π3 (p1, p2, p3) gµβgνα

+ Π1jk (p1, p2, p3) gµνpαj p
β
k + Π2jk (p1, p2, p3) gµαpνj p

β
k

+ Π3jk (p1, p2, p3) gµβpνj p
α
k + Π4jk (p1, p2, p3) gναpµj p

β
k

+ Π5jk (p1, p2, p3) gνβpµj p
α
k + Π6jk (p1, p2, p3) gαβpµj p

ν
k

+ Πijkm (p1, p2, p3) pµi p
ν
j p
β
kp

α
m

(2.14)

where i, j, k,m = 1, 2 or 3 and repeated indices are summed. The functions are
scalar functions of all possible invariant products pi · pj . By the WT identities and
the kinematical constraint kµ → 0 the number of amplitudes contributing to g − 2
reduces to 32. In fact as shown recently in [68], the number of amplitudes contributing
to g−2 can be reduced to 19 independent ones if one takes into account the symmetry
of the integral under permutations of the three virtual photons [40].

As mentioned at the beginning of this chapter already, using the large-Nc [67]
and the chiral counting, de Rafael [7] proposed to split the HLbL into a set of differ-
ent contributions: pseudo-scalar exchange (dominant), charged pion and kaon loops,
quark loop, and higher-spin exchanges (see Fig. 2.2). Among these contributions,
the pseudo-scalar exchange, charged pion and kaon loops, and higher-spin exchanges
dominate at long distances (L.D.) and the quark loops including hard gluonic correc-
tions dominate at short distances (S.D.). Generally, the perturbative QCD expansion
only is useful to evaluate the short distance tail, while the dominant long distance part
must be evaluated using some low energy effective mode which includes the vector
mesons (the photons in the effective theory couple to hadrons via γ − ρ0 mixing).
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Figure 2.2: The different contributions to HLbL scattering in
the muon g − 2 and their leading order in the chiral expansion p2

and their large-Nc counting. Adapted from [57].

For the models presented so far one is confronted with the problem that one has to
complement a non-renormalizable effective theory with renormalizable perturbative
QCD above a certain cut-off. This generally results in a substantial cut-off dependence
of the results. In order to avoid this matching problem, the most recent estimations
attempt to resort to quark-hadron duality for matching L.D. and S.D. physics. This
duality can be proven to hold in the large-Nc limit of QCD and this may be exploited
in an 1/Nc expansion approach to QCD. However, once more the Nc → ∞ limit, in
which the hadrons turn out to be an infinite series of vector resonances, is not under
quantitative control. Hence, a further approximation must be made by replacing the
infinite series of narrow resonances by a few low lying states which are identified
with existing hadronic states. As a result one obtains a modeling of the hadronic
amplitudes, the simplest one being the lowest meson dominance (LMD) or minimal
hadronic ansatz (MHA) approximation to large-Nc QCD [40].

2.2 Pion-pole contribution

The contribution form the light pseudoscalars π0, η and η′ is numerically dominant
according to most model calculations [57, 49]. Because of this observation, there are
many evaluations of this contribution following different approaches (see e.g. [50, 57,
56] and [49] for a review of the most updated approaches).

Here, we concentrate on the contributions to Πµνλρ(q1, q2, q3) arising from single
neutral pion exchanges. The corresponding diagrams (see Fig. 2.3) read as follows
[43]

Π
(π0)
µνλρ(q1, q2, q3)

= i
Fπ0γ∗γ∗(q

2
1, q

2
2)Fπ0γ∗γ∗(q

2
3, (q1 + q2 + q3)2)

(q1 + q2)2 −M2
π

εµναβq
α
1 q

β
2 ελρστq

σ
3 (q1 + q2)τ

+ i
Fπ0γ∗γ∗(q

2
1, (q1 + q2 + q3)2)Fπ0γ∗γ∗(q

2
2, q

2
3)

(q2 + q3)2 −M2
π

εµραβq
α
1 (q2 + q3)βενλστq

σ
2 q

τ
3

+ i
Fπ0γ∗γ∗(q

2
1, q

2
3)Fπ0γ∗γ∗(q

2
2, (q1 + q2 + q3)2)

(q1 + q3)2 −M2
π

εµλαβq
α
1 q

β
3 ενρστq

σ
2 (q1 + q3)τ .

(2.15)
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Figure 2.3: Pion-pole contributions to the HLbL scattering. Internal photons lines are
dressed by ρ− γ mixing. The blobs represent the form factor Fπ0γ∗γ∗ . Adapted from [40].

The key object here is the π0γγ transition form factor Fπ0γ∗γ∗(m
2
π, q

2
1, q

2
2) which

is defined by the matrix element

i

∫
d4xeiq·x

〈
Ω |T {jµ(x)jν(0)}|π0(p)

〉
= εµναβq

αpβFπ0γ∗γ∗(m
2
π, q

2, (p− q)2), (2.16)

and it is Bose symmetric Fπ0∗γ∗γ∗
(
s, q2

1, q
2
2

)
= Fπ0∗γ∗γ∗

(
s, q2

2, q
2
1

)
, as the two photons

are indistinguishable. An important point we should notice is that in the Feynman
integral corresponding to one of the diagrams of Fig. 2.3, the pion is not necessarily
near the pole, i.e. it holds for off-shell pions as well [40]. However, a seemingly
plausible approximation which helps to simplify the calculation is to assume pion-
pole dominance in the sense that one takes the form factor on the pion mass shell and
uses Fπ0γ∗γ∗(m

2
π, q

2
1, q

2
2) everywhere. For now on, we are going to restrict our analysis

to this approximation since we are interested in following the scheme of Knecht and
Nyffeler [43], which uses this approximation. For the general pion-exchange case, see
e.g. [40].

In order to compute aµ we use equation (2.13) with the pion-pole contribution of

the tensor Π
(π0)
µνλρ(q1, q2, q3) (see equation (2.15)). Hence, we need

∂

∂kρ
Π

(π0)
µνλσ(q1, q2, k − q1 − q2)

= i
Fπ0γ∗γ∗(q

2
1, q

2
2)Fπ0γ∗γ∗((q1 + q2)2, 0)

(q1 + q2)2 −M2
π

εµναβq
α
1 q

β
2 ελσρτ (q1 + q2)τ

+ i
Fπ0γ∗γ∗(q

2
1, 0)Fπ0γ∗γ∗(q

2
2, (q1 + q2)2)

q2
1 −M2

π

εµστρq
τ
1ενλαβq

α
1 q

β
2

+ i
Fπ0γ∗γ∗(q

2
1, (q1 + q2)2)Fπ0γ∗γ∗(q

2
2, 0)

q2
2 −M2

π

εµλαβq
α
1 q

β
2 ενσρτq

τ
2 +O(k)

(2.17)

Inserting this last expression into equation (2.13) and computing the corresponding
Dirac traces, one obtains

aLbyL;π0

µ = −e6

∫
d4q1

(2π)4

∫
d4q1

(2π)4

1

q2
1q

2
2(q1 + q2)2[(p+ q1)2 −m2][(p− q2)2 −m2]

×

[
Fπ0γ∗γ∗(q

2
1, (q1 + q2)2)Fπ0γ∗γ∗(q

2
2, 0)

q2
2 −M2

π

T1(q1, q2; p)

+
Fπ0γ∗γ∗(q

2
1, q

2
2)Fπ0γ∗γ∗((q1 + q2)2, 0)

(q1 + q2)2 −M2
π

T2(q1, q2; p)

]
(2.18)
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with

T1 (q1, q2; p) =
16

3
(p · q1) (p · q2) (q1 · q2)− 16

3
(p · q2)2 q2

1 −
8

3
(p · q1) (q1 · q2) q2

2

+ 8 (p · q2) q2
1q

2
2 −

16

3
(p · q2) (q1 · q2)2 +

16

3
m2q2

1q
2
2 −

16

3
m2 (q1 · q2)2

(2.19)

T2 (q1, q2; p) =
16

3
(p · q1) (p · q2) (q1 · q2)− 16

3
(p · q1)2 q2

2 +
8

3
(p · q1) (q1 · q2) q2

2

+
8

3
(p · q1) q2

1q
2
2 +

8

3
m2q2

1q
2
2 −

8

3
m2 (q1 · q2)2

(2.20)

In deriving equation (2.18), we have used the fact that, upon a trivial change of
variables in the two-loop integral of equation (2.13), the two first terms of equation
(2.15) lead to identical contributions. That is, diagrams (a) and (b) from Fig. 2.3
give rise to identical contributions involving the function T1 (q1, q2; p), whereas (c)
gives the contribution involving T2 (q1, q2; p). Furthermore, in writing T2 (q1, q2; p) we
have taken into account the invariance of the remaining factors of the corresponding
integrand under the exchange q1 ↔ q2. At this stage everything is known besides the
π0γγ transition form factors.

2.2.1 π0γγ transition form factor

Above we have formally reduced the problem of calculating the pion-pole contribution
from the diagrams of Fig. 2.3 to the problem of calculating the integral (2.18).
The non-perturbative aspect is now confined in the form factor Fπ0γ∗γ∗(m

2
π, q

2
1, q

2
2),

which is not known as well as it would be desirable. For the time being we have
to use hadronic models together with pQCD as a constraint on the high energy
asymptotic behavior. Fortunately some experimental data are also available. The
constant Fπ0γγ(m2

π, 0, 0) is well determined as [40]

Fπ0γγ

(
m2
π, 0, 0

)
=

1

4π2Fπ
(2.21)

by the π0 → γγ decay rate, where Fπ ≈ 92.4 MeV is the pion decay constant [5, 8].
Notice that in many theoretical papers our Fπ is denoted as Fπ

√
2 ≈ 130 MeV .

Additional experimental information is available for Fπ0γ∗γ(m2
π,−Q2, 0) coming

from experiments e+e− → e+e−π0 (see Fig. 2.4) where the electron (positron) gets
tagged, i.e. selected according to appropriate kinematic criteria, such that Q2 =
− (pb − pt)2 = 2EbEt (1− cos Θt) is large. pb is the beam electron (positron) four-
momentum, pt the one of the tagged electron (positron) and Θt is the angle between pt
and pb. The differential cross section is then strongly peaked towards zero momentum
transfer of the untagged positron (electron) which allows experiments to extract the
form factor [40]. The experimental data on Fπ0γ∗γ(m2

π,−Q2, 0) is available from
CELLO [6] and CLEO [31], and from the recently new experiments from BaBar [3]
and Belle [71]. This information reduces the model dependence.
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Figure 2.4: Measurement of the π0 form factor Fπ0γ∗γ(m2
π,−Q2, 0)

at high space-like Q2 momentum. Adapted from [40].

Nevertheless, no sufficiently complete experimental information on the double off-
shell π0γγ transition form factor Fπ0γ∗γ∗(m

2
π, q

2
1, q

2
2) is available at the time being

[43]. Resort to theory is therefore unavoidable. From the QCD perspective, the
theoretical knowledge of Fπ0γ∗γ∗ is sparse. However, there exists a well-defined limit
of QCD where the situation improves somewhat, namely, the limit of infinite number
of colors Nc. As Nc becomes large, the spectrum of QCD reduces, in each channel
with given quantum numbers, to an infinite tower of zero-width resonances. As a
consequence, the analytic structure of the form factor Fπ0γ∗γ∗(m

2
π, q

2
1, q

2
2) becomes

simpler: it consists of a succession of simple poles, due to the contributions of zero-
width JPC = 1 − − states (e.g. the ρ meson and its radial excitations) in each
channel,

Fπ0γ∗γ∗ (q2
1, q

2
2)
∣∣
NC→∞

=
∑
ij

cij(q
2
1, q

2
2)

(q2
1 −M2

Vi
)(q2

2 −M2
Vj

)
(2.22)

where the sum runs over the infinite tower of zero-width vector resonances of large-
Nc QCD. As mentioned at the beginning of this chapter, dealing with such sum
remains cumbersome, since the characteristics of these states (masses, couplings, etc.)
are in general not known. However keeping in each channel only a finite number
of resonance, supplemented with information on the QCD short-distance properties
coming from the operator product expansion, already gives a good description of
quantities like form factors or correlation functions in the Euclidean region, especially
when they occur in weighted integrals over the whole range of momenta.

In our thesis, we truncate the infinite sum to one vector resonance per chan-
nel, such that we obtain the vector meson dominance (VMD) and the lowest meson
dominance (LMD) form factors [43]

FVMD
π0γ∗γ∗

(
q2

1, q
2
2

)
= − NC

12π2Fπ

M2
V(

q2
1 −M2

V

) M2
V(

q2
2 −M2

V

) (2.23)

FLMD
π0γ∗γ∗

(
q2

1, q
2
2

)
=
Fπ
3

q2
1 + q2

2 −
NC
4π2

M4
V

F 2
π(

q2
1 −M2

V

) (
q2

2 −M2
V

) (2.24)

That is, we perform the calculations with form factors of one vector resonance and
in Sect. 2.4 we will extend these form factors in order to include the infinite sum
of resonances. The reason is as follows: One observes that in equation (2.18) there
are five independent variables p · q1, p · q2, q2

1, q2
2 and q1 · q2, where p · qi only occurs
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in the fermion propagators, not in the form factors. It might therefore be possible
to perform these two integrations analytically over p · q1 and p · q2 for general form
factors. We would then be left with a three-dimensional integral, since the form
factors depend on q1 · q2. However, a crucial observation is that all dependences on
q1 · q2 in the numerators of FVMD

π0γ∗γ∗ and FLMD
π0γ∗γ∗ can be canceled by the ones in the

resonance propagators. Therefore, we can write [43]

Fπ0γ∗γ∗
(
q2

1, q
2
2

)
=
Fπ
3

f (q2
1

)
−
∑
MVi

1

q2
2 −M2

Vi

gMVi

(
q2

1

) (2.25)

This representation, which seems to hold quite generally in the large-Nc limit of
QCD, also extends to the Wess-Zumino-Witten (WZW) and the LMD+V (two vector
resonances) form factors (for calculations with these two form factors, see [43]). The
corresponding functions f(q2) and gMVi

(q2) can easily be worked out from the explicit
expressions of the form factors (2.23) and (2.24). They are displayed in Fig. 2.5. For
the VMD and LMD form factors, the sum in equation 2.25 reduces to a single term,
and we call the corresponding function gMV

(q2). Therefore, for the form factors that
have the general form given by equation (2.25), it is possible to perform all angular
integrations in the two-loop integral of equation (2.18) analytically. The extension
of the VMD and LMD form factors can be performed afterwards by modifying the
VMD and LMD propagators as we will see in Sect. 2.4.

Figure 2.5: The functions f(q2) and gMV
(q2) for the VMD and

LMD form factors. Adapted from [43].

Taking into account equation (2.25) and using partial fractions, we can write the
product of form factors in the two contributions of equation (2.18) as follows:

Fπ0γ∗γ∗(q
2
1, (q1 + q2)2)Fπ0γ∗γ∗(q

2
2, 0)

q2
2 −M2

π

=
Fπ
3

Fπ0γ∗γ∗
(
q2

2, 0
)

q2
2 −M2

π

(
f
(
q2

1

)
−

gMV

(
q2

1

)
(q1 + q2)2 −M2

V

) (2.26)

and

Fπ0γ∗γ∗(q
2
1, q

2
2)Fπ0γ∗γ∗((q1 + q2)2, 0)

(q1 + q2)2 −M2
π

=
Fπ
3
Fπ0γ∗γ∗(q

2
1, q

2
2)

(
1

(q1 + q2)2 −M2
π

×
[
f(0) +

gMV
(0)

(M2
V −M2

π)

]
+

gMV
(0)[

(q1 + q2)2 −M2
V

]
(M2

π −M2
V )

) (2.27)
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2.2.2 Gegenbauer polynomials (hyperspherical approach)

As we shall show in this section, for form factors that have the general form given
by equation (2.25), it is possible to perform all angular integrations in the two-loop
integral of equation (2.18) using the technique of Gegenbauer polynomials (hyper-
spherical approach). In order to do so, we perform a Wick rotation of the momenta
qµ1 , qµ2 and pµ, denoting by capital letters the rotated Euclidean momenta, with
Q2
i = −q2

i , P
2 = −m2, etc.

The discussion of the angular integrals that can be found in the two-loop integral
as well as the method of Gegenbauer polynomials used to solve them is presented in
the work of Knecht and Nyffeler [43]. Since we go through the same calculations, we
are not going to reproduce them again.

After having performed the angular integrations, the pion-pole contribution to
g − 2 can be written in a two-dimensional integral representation as follows [43]

aLbL;π0

µ =
(α
π

)3 [
aLbyL;π0(1)
µ + aLbyL;π0(2)

µ

]
, (2.28)

where
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∫ ∞
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[
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2
2

)
+ wg1 (MV , Q1, Q2) g

(1)
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(
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2
2

) ] (2.29)

aLbL;π0(2)
µ =

∫ ∞
0

dQ1

∫ ∞
0

dQ2

×
∑

M=Mπ ,MV

wg2 (M,Q1, Q2) g
(2)
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(
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1, Q
2
2

) (2.30)

with

f (1)
(
Q2

1, Q
2
2

)
=
Fπ
3
f
(
−Q2

1

)
Fπ0γ∗γ∗

(
−Q2

2, 0
)

(2.31)

g
(1)
MV
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2
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)
=
Fπ
3
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(
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)
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g
(2)
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2
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)
=
Fπ
3
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(
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1,−Q2
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) gMV
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g
(2)
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1, Q
2
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)
=
Fπ
3
Fπ0γ∗y∗

(
−Q2

1,−Q2
2

)(
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(0)

M2
V −M2

π

)
(2.34)

Notice (see Fig. 2.5) that for the VMD model we have the simplifications f (1)
(
Q2

1, Q
2
2

)
≡

0 and g
(2)
MV

(
Q2

1, Q
2
2

)
= −g(2)

Mπ

(
Q2

1, Q
2
2

)
, since fVMD

(
−Q2

1

)
≡ 0.
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The universal (for the class of form factors that have a representation of the type
(2.25)) weight functions w that appear in equations (2.29) and (2.30) are given by
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wg1 (M,Q1, Q2) =
π2
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wg2 (M,Q1, Q2) =
π2
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where m = mµ = 105.66 MeV is the mass of the muon and

RM =

√(
M2 +Q2

1 +Q2
2

)2 − 4Q2
1Q

2
2 (2.38)

R0 ≡ RM=0 =

√(
Q2

1 +Q2
2

)2 − 4Q2
1Q

2
2 (2.39)

Rmi =
√
Q4
i + 4m2Q2

i , i = 1, 2 (2.40)

Although the analytical expressions for the weight functions look quite compli-
cated and involve terms with different signs and of different sizes, the sum of all terms
leads to rather smooth functions of the two variables Q1 and Q2. We will see the
corresponding plots when we present the results in Chap. 3. Notice that we have
reduced a eight-dimensional integral (2.18) to a two-dimensional integral over the
moduli of the Euclidean loop momenta (2.28).

2.3 Other contributions

As mentioned in Sect. 2.1.1, the HLbL scattering can be split into a set of different
contributions: the pion-exchange contribution (dominant), exchanges of axial-vector
mesons, exchanges of scalar mesons, exchanges of tensor mesons, the charged pion and
kaon loops, and the quark-loop. Each one of them, requires a thorough discussion.

In our thesis we have focused on the pion-exchange contribution in the pion-pole
approach. Thanks to Knecht and Nyffeler [43] we were able to reduce the eight
dimensional two-loop integral into a two-dimensional integral, which can be com-
puted numerically without real problems. Nevertheless, this is not the case for the
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other contributions, not even for the pion-exchange contribution without pion-pole
approximation. In general, for the pion-exchange contribution one ends up with a
three-dimensional integral with different weight functions and products of two form
factors with off-shell pions. Such form factors require descriptions different from those
discussed here.

For the exchanges of axial-vector, scalar and tensor mesons we can also obtain a
three-dimensional integral, but we have to replace the pseudoscalar mesons and the
form factors by the corresponding expressions. Furthermore, the weight functions
must be deduced again. For more information, see [40].

The simplest model to compute the charged pion or kaon loop is scalar QED
(sQED) exhibiting 6 box diagrams, 12 triangle diagrams and 3 bulb diagrams (see
Fig. 2.6). Considering the mixing between γ∗ − ρ0, the sQED contribution gets
modified to

Πµνλσ
sQED+VMD = F Vπ

(
q2

1

)
F Vπ

(
q2

2

)
F Vπ

(
q2

3

)
F Vπ

(
q2

4

)
Πµνλσ

sQED (2.41)

where F Vπ
(
q2
)

is the pion form factor. More recently, it has been argued that the
effect of pion polarizability has been missing in earlier calculations and that the effects
could be sizeable. For more information, we encourage reading [25, 33, 1].

Figure 2.6: Contributions to ie4Πµνλσ
sQED. Adapted from [40].

As mentioned in Sect. 2.1.1, the quark loops including hard gluonic corrections
dominate at short distances (S.D.). Therefore, we expect a contribution evaluated
from the perturbative QCD (pQCD) expansion. This hard region is separated from
the soft region by a cut-off in the GeV range. This generally results in a substantial
cut-off dependence of the results. However, whether a quark-loop contribution has
to be taken into account or not depends on the framework in which one is evaluating
the HLbL contribution. Particularly, in the large-Nc approach, a separate quark loop
is absent unless one applies a cut-off to separate both regions, which however is not
in the spirit of such approach [40].

For more information about two photon physics concerning the two photon pro-
duction to mesons as well as the two photon coupling to mesons, see [58]. There
you can find the formalism and the available data for the γ∗γ∗ → meson transition
form factors, and successively discuss the C-even pseudo-scalar (JPC = 0−+), scalar
(JPC = 0++), axial-vector (JPC = 1++), and tensor (JPC = 2++) mesons.

2.4 Dual-Large Nc QCD model

In its original formulation, Vector Meson Dominance (VMD) is an effective tree-level
model based on the γ − ρ0 mixing. If used to compute electromagnetic form factors,
it can very roughly account for the pion form factor data in the space-like region,
and with some modifications (unitarization), also in the time-like region around the
rho-meson peak. However, for non-zero spin hadrons such as nucleons and ∆(1236),
VMD is in serious disagreement with the observed q2 fall-off of these form factors.
It has been generally believed that the reason for this discrepancy is that the radial
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excitations of the ρ-meson are not taken into account in naive VMD. In fact, an
infinite sum of monopole terms with suitable coefficients can lead to a form factor
with an asymptotic behavior different from a monopole. An attempt to remedy this
situation was made long ago by incorporating radial excitations of the rho-meson
into VMD, the so-called Extended VMD (EVMD) [30]. At that time, though, there
was no known renormalizable QFT to support this approach. Today, we know that
in the limit of an infinite number of colors Nc → ∞, QCD is solvable and leads
to an hadronic spectrum consisting of an infinite number of zero-width states [4].
However, the masses and couplings of these states remain unspecified, so that models
are needed to fix these parameters. An attractive and highly economical candidate
is the Dual-Large Nc QCD model (Dual-QCD∞), inspired in the Dual Resonance
Model for scattering amplitudes of Veneziano [72], the precursor of string theory. It
is important to stress that Dual-QCD∞ is not intended to be an expansion in powers
of 1/Nc. In fact, Nc is taken to be infinite from the start, as this is the limit in which
QCD is solvable and leads to the hadronic spectrum mentioned above [24].

2.4.1 EVMD π0γγ transition form factor

We extend the vector meson dominance (VMD) π0γγ transition form factor by sum-
ming up the infinite number of zero-width resonances that appear in the large-Nc

limit. In order to do so, the masses and couplings of the zero-width states are fixed
so that the form factor becomes an Euler Beta function of the Veneziano type, involv-
ing one single free parameter which controls their asymptotic power behaviour. The
choice here is the factorizable dual model for three-point functions in the zero-width
approximation, whose expression for a general off-shell vertex is [21]

F
(
p2

1, p
2
2, p

2
3

)
= g

3∏
i=1

Γ (βi − si)
Γ
(
−α′

(
p2
i −M2

i

))
Γ
(
βi − si − α′

(
p2
i −M2

i

)) (2.42)

where the constant g is fixed by the value of the residue at the fully on-mass-shell
point, α′ = 1/2M2

ρ is the Regge slope, si is the spin of the ith particle with

α
(
p2
i

)
= si + α′

(
p2
i −M2

i

)
(2.43)

being the Regge trajectory, and βi is a free parameter governing the asymptotic
behaviour of the form factor in the space-like region.

The EVMD form factor is obtained comparing equation (2.42) to the VMD form
factor (2.23). The pion has spin s1 = 0 and is on-shell p2

1 = M2
π , so the first term

in the product of (2.42) vanishes. Then, taking into account that the photons have
spin s2, s3 = 1 and are off-shell, and fixing the constant g, we deduce that the EVMD
form factor is obtained by the following modification of the VMD propagator,

1

M2
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Γ
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such that
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The form factor exhibits asymptotic power behaviour in the space-like region, i.e.
[24]

lim
s→−∞

F (s) =
(
−α′s

)(1−β)
(2.46)

from which one identifies the free parameter β as controlling this asymptotic be-
haviour. In fact, the parameter β in the ρ-meson propagator is the same as that
determined from the pion-form-factor Fπ data [20], i.e. βρ = βπ = 2.33. It should be
noticed that the value β = 2 reduces the form factor to single rho-meson dominance
(naive Vector Meson Dominance).

The predictions of radiative meson decay widths using the EVMD form factor
are in reasonable agreement with the data and represent a considerable improvement
over VMD results (see Fig. 2.7). Except possibly for K∗− → K−γ, the overall quality
of the predictions is fairly good. It seems that the radial excitations of the ground-
state vector meson give rise to sizeable corrections to naive VMD predictions. This
provides additional evidence in support of the Dual-QCD∞ model.

Figure 2.7: Radiative meson decay widths in keV predicted by VMD and
EVMD. Column (a) results from using factorization (βρ = 2.33) plus the

assumption βρ = βw = βφ. Column (b) is the result of a χ2 fit to the data
regarding these parameters as free, yielding βρ = 2.4, βw = 2.4, and βφ = 2.36.

Experimental data is taken from [5]. Adapted from [21].

In order to compute the pion-pole contribution to aµ with the EVMD π0γγ tran-
sition form factor, we use equation (2.28) assuming the VMD model, but replacing
FVMD
π0γ∗γ∗

(
q2

1, q
2
2

)
by FEVMD

π0γ∗γ∗

(
q2

1, q
2
2

)
and the propagator of the gMV

(q2) function that

comes from the general representation of the form factors (2.25). f(q2) ≡ 0 for the
VMD case (see Fig. 2.5).
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2.4.2 ELMD π0γγ transition form factor

We proceed as we did for the EVMD case (see Sect. 2.4.1). The ELMD form factor is
obtained by the same modification of the propagator (see equation (2.44)), such that
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In order to compute the pion-pole contribution to aµ with the ELMD π0γγ tran-
sition form factor, we use equation (2.28) assuming the LMD model, but replacing
FLMD
π0γ∗γ∗

(
q2

1, q
2
2

)
by FELMD

π0γ∗γ∗

(
q2

1, q
2
2

)
and the propagator of the f(q2) and gMV

(q2) func-

tions that come from the general representation of the form factors (2.25) (see Fig.
2.5).

2.4.3 EVMD ηγγ and η′γγ transition form factors

So far we have not considered any model for the form factors of the light pseudoscalars
η and η′. In such cases, it is not so straightforward to deduce FPSγ∗γ∗

(
q2

1, q
2
2

)
,

PS = η, η′. For the η, the effect of non-zero quark masses has definitely to be taken
into account. Furthermore, the η′ has a large admixture from the singlet state, and
the gluonic contribution to the axial anomaly will play an important role. Here, we
resort to a simplified approach and take a simple VMD form factor [56]

FVMD
PS∗γ∗γ∗

(
q2

3, q
2
1, q

2
2

)
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V

) , PS = η, η′ (2.48)

normalized to the experimental decay width Γ(PS→ γγ). We can fix the normaliza-
tion by adjusting the (effective) pseudoscalar decay constant FPS: Using the latest
values Γ(η → γγ) = (0.516±0.026) keV and Γ(η′ → γγ) = (4.36±0.15) keV from [70],
one obtains Fη,eff = 93.0 MeV with Mη = 547.862 MeV and Fη′,eff = 74.0 MeV
with M ′η = 957.66 MeV .

The form factor described in equation (2.48) is off-shell. However, we are inter-
ested in the form factor with the pseudoscalar on-shell. The CLEO Collaboration
[31] has made a fit of the on-shell form factors FPSγ∗γ∗

(
q2

1, q
2
2

)
, PS = η, η′ using a

VMD Ansatz with an adjustable parameter ΛPS in place of the vector-meson mass
MV ,

FVMD
PSγ∗γ∗

(
q2

1, q
2
2

)
= −

∣∣∣∣ 1

(4πα)2

64πΓ(PS → γγ)

M3
PS

∣∣∣∣1/2 Λ2
PS(

q2
1 − Λ2

PS

) Λ2
PS(

q2
2 − Λ2

PS

) (2.49)

where Λη = (774± 29) MeV and Λη′ = (859± 28) MeV [31].
In order to extend the VMD ηγγ and η′γγ transition form factors, we proceed

as we did for the EVMD π0γγ case (see Sect. 2.4.1), i.e. it is obtained by the same
modification of the propagator (see equation (2.44)), such that

FEVMD
PSγ∗γ∗

(
q2

1, q
2
2

)
=−

∣∣∣∣ 1

(4πα)2

64πΓ(PS → γγ)

M3
PS

∣∣∣∣1/2 Λ2
PSα

′Γ(β − 1)Γ
(
−α′

(
q2

1 − Λ2
PS

))
Γ
(
β − 1− α′

(
q2

1 − Λ2
PS

))
×

Λ2
PSα

′Γ(β − 1)Γ
(
−α′

(
q2

2 − Λ2
PS

))
Γ
(
β − 1− α′

(
q2

2 − Λ2
PS

)) , PS = η, η′

(2.50)
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The computation of the η-pole and η′-pole contributions to aµ with the EVMD
ηγγ and η′γγ transition form factors is performed using equation (2.28) assuming the
VMD model, but replacing FVMD

π0γ∗γ∗

(
q2

1, q
2
2

)
by FEVMD

ηγ∗γ∗
(
q2

1, q
2
2

)
, FEVMD

η′γ∗γ∗
(
q2

1, q
2
2

)
and

the propagator of the gMV
(q2) function that comes from the general representation

of the form factors (2.25) (see Fig. 2.5). Notice, we no longer have the same gMV
(q2)

as in the VMD pion case, instead

gMV
(q2) = −

∣∣∣∣ 1

(4πα)2

64πΓ(PS → γγ)

M3
PS

∣∣∣∣1/2 3

Fπ

Λ4
PS

q2 − Λ2
PS

. (2.51)

We also need to replace all the Mπ by Mη,M
′
η.

2.4.4 EVMD electromagnetic form factor of the pion

As mentioned in Sect. 2.3, the pion form factor appears in the discussion of the
charged pion loop, which is not considered in this thesis. Nevertheless, we want to
represent such form factor using the Dual-QCD∞ model.

With the standard definition of the pion form factor [22]〈
π (p2)

∣∣JEMµ ∣∣π (p1)
〉

= (p1 + p2)µ Fπ(s) (2.52)

where s ≡ q2 = (p2 − p1)2 is the momentum transfer squared, one expects that in the
limit Nc →∞, the form factor presents the generic form [23]

F (s) =
∞∑
n=0

Cn
(M2

n − s)
(2.53)

where the masses Mn and the couplings Cn remain unspecified. The purpose of our
model is to use a specific choice of masses and couplings in order to obtain an Euler’s
Beta function type form factor. The coefficients Cn are chosen as

Cn =
Γ(β − 1/2)

α′
√
π

(−1)n

Γ(n+ 1)

1

Γ(β − 1− n)
(2.54)

where β is the free parameter governing the asymptotic behaviour of the form factor
in the space-like region (s < 0), and α′ = 1/2M2

ρ is the universal string tension
entering the rho-meson Regge trajectory

αρ(s) = 1 + α′
(
s−M2

ρ

)
. (2.55)

The parameter β can be fitted from data using equation (2.46). Alternatively, β can
be determined from the measured mean squared radius of the pion [24]. On the other
hand, the mass spectrum is chosen as

M2
n = M2

ρ (1 + 2n) (2.56)

This simple formula correctly predicts the first few radial excitations. Other, e.g.
non-linear mass formulas could be used, but this hardly changes the results in the
space-like region, and only affects the time-like region behaviour for very large q2.
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The electromagnetic form factor of the pion obtained considering this particular
realization of QCD in the large Nc limit becomes an Euler Beta-function,

F (s) =
Γ(β − 1/2)√

π

∞∑
n=0

(−1)n

Γ(n+ 1)

1

Γ(β − 1− n)

1

[n+ 1− αρ(s)]

=
1√
π

Γ(β − 1/2)

Γ(β − 1)
B
(
β − 1, 1/2− α′s

) (2.57)

where B(x, y) = Γ(x)Γ(y)/Γ(x + y) is the Euler Beta function. Once again, for
β = 2 one recovers the VMD result. The form factor (2.57) is shown in Fig. 2.8,
together with the available experimental data in the space-like region and the VMD
prediction. The EVMD form factor agrees with space-like data much better than
single rho-meson dominance.

Figure 2.8: EVMD electromagnetic form factor (2.57) in the space like region
for the least-squared fitted parameter β = 2.33 (solid curve), together with the

naive VMD (β = 2) (dash curve), and the experimental data. Adapted from [22].
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Results

This chapter presents the results of the thesis and discuss its behaviour. We follow the
methodology introduced in Chap. 2. As mentioned in Sect. 2.2, the pseudoscalar-
pole contribution to aµ is computed from equation 2.28, which consists of a two-
dimensional integral over the moduli of the Euclidean loop momenta that can be
computed numerically 1 without real problems. Such expression is described in terms
of the form factors and several weight functions. As a consequence, the result rely
on the pseudoscalar considered and the hadronic model used to represent the form
factor.

We split the results as: π0-pole contribution, η-pole contribution and η′-pole
contribution. For each one, we show the corresponding weight functions (2.35), (2.36)
and (2.37), since w depends on the mass of the pseudoscalar. We also show the form
factors used, deduced from the Dual-Large Nc QCD model (see Sect. 2.4). The results
of the contributions are shown as a function of a cut-off Λ in the loop momenta in order
to distinguish the most contributing regions. Only when the cut-off exceeds about
2 GeV , the result aµ is well approximated. These three mentioned contributions,
correspond to the lowest-mass part of Πµνλρ that is leading in the large-Nc limit,
which might provide an explanation as to why it happens to constitute the dominant
fraction of the light-by-light scattering correction to aµ. The sum of the three light
pseudoscalar poles gives the pseudoscalar-pole contribution. We compare our findings
with those of other references.

3.1 π0-pole contribution

We compute the π0-pole contribution with the EVMD (2.45) and the ELMD (2.47)
form factors. The EVMD model involves the wg1 and wg2 weight functions, while the
ELMD model also requires wf1 . We have used the following input values: The mass
of the muon m = mµ = 105.66 MeV , the mass of the pion Mπ = 134.98 MeV , the
fine-structure constant α = 1/137.03599976, the pion decay constant Fπ = 92.4 MeV ,
the rho vector meson MV = Mρ = 769 MeV , the number of colours in QCD Nc = 3,
the Regge slope α′ = 1/2M2

V and the free parameter βρ = 2.33 [70].
The weight functions are shown in Fig. 3.1. As observed, although the analytical

expressions for the weight functions look quite complicated and involve terms with
different signs and of different sizes, the sum of all terms leads to rather smooth
functions of the two variables Q1 and Q2. The functions wf1 and wg1 are positive
definite and peaked in the region Q1 ≈ Q2 ≈ 0.5 GeV . Note, however, the tail
in wf1 in the Q1 direction for Q2 ≈ 0.2 GeV . The functions wg2(Q1, Q2,Mπ) and
wg2(Q1, Q2,Mρ) take both signs, which will lead to a strong cancellation in the cor-
responding integrals, provided they are multiplied by a positive function composed

1All numerical evaluations and plots are performed using Python.



34 Chapter 3. Results

of the form factors. Nevertheless, their magnitudes remain small as compared to
wf1(Q1, Q2,Mπ) and wg1(Q1, Q2,Mρ,Mπ).

Figure 3.1: Weight functions of equations (2.35)-(2.37) for the π0-pole contribution.
Notice the difference in scales and ranges of Qi.

As can be seen from the plots, and checked analytically, the weight functions
vanish for small momenta. Therefore, the integrals are infrared finite. For large
momenta, the weight functions have the following behaviour:

lim
Q1→∞

wf1 (Q1, Q2,Mπ) = π2

[
Q5

2 −Q2

(
Q2

2 − 2m2
)
Rm2
]

m2
(
Q2

2 +M2
π

)
Q1

+O
(

1

Q3
1

)
, Q2 fixed

(3.1)

lim
Q2→∞

wf1 (Q1, Q2) = π2

[
2Q3

1

(
Q2

1 − 12m2
)
− 2Q1

(
Q2

1 − 14m2
)
Rm1
]

9m2Q3
2

+O
(

1

Q5
2

)
, Q1 fixed

(3.2)

lim
Q→∞

wf1(Q,Q) = π2 13m2

3Q2
+O

(
1

Q4

)
(3.3)
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lim
Q1→∞

wg1 (Q1, Q2,M,Mπ) = π2M
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lim
Q→∞

wg1(Q,Q,M) = π2 22M2m2

3Q4
+O

(
1
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lim
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−Q3
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lim
Q2→∞

wg2 (Q1, Q2,M) = π2

[
−Q3

1
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lim
Q→∞

wg2(Q,Q) = π2 16m4

9Q4
+O

(
1

Q5

)
(3.9)

The EVMD and ELMD form factors are shown in Fig. 3.2 and 3.3. They are
both compared with their non-extended form factors, VMD (2.23) and LMD (2.23)
respectively. According to experiments [15], the form factor Fπ0γ∗γ(−Q2, 0) with one
photon on-shell behaves as

lim
Q2→∞

Fπ0γ∗γ

(
m2
π,−Q2, 0

)
∼ 2Fπ

Q2
(3.10)

where Q2 = −q2. As observed in Fig. 3.2, the VMD form factor presents a damping
too strong, since FVMD

π0γ∗γ

(
m2
π,−Q2, 0

)
∼ 1/Q4. However, the EVMD form factor

exhibits an even stronger damping. This effect might lead to an underestimating of
the contribution to aµ. As observed in Fig. 3.3, neither the LMD nor the ELMD
presents the expected asymptotic behaviour. In this case, the effect might lead to an
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overestimated contribution. It should be noticed that the value β = 2 reduces the
EVMD and ELMD form factors to one vector resonance, VMD and LMD respectively.

Figure 3.2: Comparison between the VMD (2.23) (dashed curve) and EVMD
(2.45) (solid curve) form factors, together with the asymptotic expected

behaviour (3.10) (dotted curve) for the π0-pole contribution.

Figure 3.3: Comparison between the LMD (2.24) (dashed curve) and ELMD
(2.47) (solid curve) form factors, together with the asymptotic expected

behaviour (3.10) (dotted curve) for the π0-pole contribution.



3.1. π0-pole contribution 37

The results of the π0-pole contribution (2.28) using the EVMD and ELMD form
factors are shown in Tables 3.1 and 3.2 respectively. They are shown as a function
of a cut-off Λ in the loop momenta in order to distinguish the most contributing
regions. Only when the cut-off exceeds about 2 GeV , the result aµ stabilizes. As
expected from the plots of the weight functions (see Fig. 3.1), it is mainly the region
Qi ≤ 1 GeV that contributes in the integrals.

Λ [GeV] a
LbL;π0(1)
µ a

LbL;π0(2)
µ aLbL;π0

µ × 10−10

0.5 0.0222 0.00096 2.907
0.7 0.0280 0.00101 3.638
1.0 0.0317 0.00103 4.106
2.0 0.0339 0.00104 4.369
4.0 0.0340 0.00104 4.390
6.0 0.0340 0.00104 4.391
10.0 0.0340 0.00104 4.392

Table 3.1: Results of the π0-pole contribution (2.28) using the FEVMD
π0γ∗γ∗

(
q21 , q

2
2

)
form factor (2.45) as a function of a cut-off Λ in the loop momenta.

Λ [GeV] a
LbL;π0(1)
µ a

LbL;π0(2)
µ aLbL;π0

µ × 10−10

0.5 0.0240 0.00100 3.134
0.7 0.0314 0.00107 4.064
1.0 0.0370 0.00110 4.777
2.0 0.0418 0.00111 5.380
4.0 0.0429 0.00111 5.510
6.0 0.0430 0.00111 5.528
10.0 0.0431 0.00111 5.535

Table 3.2: Results of the π0-pole contribution (2.28) using the FELMD
π0γ∗γ∗

(
q21 , q

2
2

)
form factor (2.47) as a function of a cut-off Λ in the loop momenta.

Considering the saturated values from Tables 3.1 and 3.2, our estimations for the
π0-pole contribution are

aLbL;π0

µ EVMD = (4.4± 1.0)× 10−10 (3.11)

aLbL;π0

µ ELMD = (5.5± 1.0)× 10−10. (3.12)

where the error includes the variation of the parameters and the intrinsic model
dependence. The errors from the numerical integration are much smaller.
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In comparison, we give the values obtained by Knecht and Nyffeler [43] using the
VMD and LMD form factors,

aLbL;π0

µ VMD = (5.6± 1.0)× 10−10 (3.13)

aLbL;π0

µ LMD = (7.3± 1.0)× 10−10. (3.14)

We also give its best result obtained using the LMD + V form factor [43],

aLbL;π0

µ LMD+V = (5.8± 1.0)× 10−10. (3.15)

As observed, both of our results are underestimated with respect to the Knecht
and Nyffeler fit. The reason arises from the form factor plots (see Fig. 3.2 and 3.3).
In both cases, EVMD and ELMD, the form factor is smaller than the corresponding
non-extended version. Consequently, the contribution to aµ is smaller too.

3.2 η-pole contribution

We compute the η-pole contribution with the EVMD (2.50) form factor. We have used
the following input values: The mass of the muon m = mµ = 105.66 MeV , the mass of
the eta meson Mη = 547.862 MeV , the fine-structure constant α = 1/137.03599976,
the eta decay constant Fη = 93 MeV , the adjustable parameter Λη = 774 MeV in
place of the vector-meson mass MV , the number of colours in QCD Nc = 3, the Regge
slope α′ = 1/2M2

V and the free parameter βρ = 2.33 [70].
The weight functions are shown in Fig. 3.4. The EVMD model only involves wg1

and wg2 . Since we have changed the pseudoscalar and the vector-meson masses, they
look a bit different with respect to the pion case. Notice the smaller scales of the
weight functions, which lead to a smaller contribution to aµ. Despite this, the shapes
and behaviours are basically the same.

The EVMD form factor is shown in Fig. 3.5. It is compared with its non-extended
form factor VMD (2.23) and the asymptotic expected behaviour (3.10). Again, we
observe that the strong damping in the VMD form factor is boosted in the EVMD
model.

The results of the η-pole contribution (2.28) using the EVMD form factor are
shown in Table 3.3. Again, only when the cut-off exceeds about 2 GeV , the result
aµ stabilizes. Considering the saturated value from Table 3.3, our estimation for the
η-pole contribution is

aLbL;η
µ EVMD = (1.1± 0.1)× 10−10 (3.16)

where the error only reflects the corresponding variation in Λη. The errors from the
numerical integration are much smaller. In comparison, we give the value obtained
by Knecht and Nyffeler [43] using the VMD form factor,

aLbL;η
µ VMD = (1.3± 0.1)× 10−10 (3.17)

Again, our result is underestimated with respect to the Knecht and Nyffeler fit.
The reason arises from the form factor plot (see Fig. 3.5). The form factor is smaller
than the corresponding non-extended version. However, we also have noticed that
the eta decay constant used by Knecht and Nyffeler is less updated than ours.



3.2. η-pole contribution 39

Figure 3.4: Weight functions of equations (2.36)-(2.37) for the η-pole contribution.
Notice the difference in scales and ranges of Qi.

Figure 3.5: Comparison between the VMD (2.23) (dashed curve) and EVMD
(2.50) (solid curve) form factors, together with the asymptotic expected

behaviour (3.10) (dotted curve) for the η-pole contribution.
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Λ [GeV] a
LbL;η(1)
µ a

LbL;η(2)
µ aLbL;η

µ × 10−10

0.5 0.00427 0.000173 0.557
0.7 0.00623 0.000198 0.806
1.0 0.00772 0.000210 0.994
2.0 0.00865 0.000213 1.111
4.0 0.00873 0.000214 1.121
6.0 0.00874 0.000214 1.122
10.0 0.00874 0.000214 1.122

Table 3.3: Results of the η-pole contribution (2.28) using the FEVMD
η′γ∗γ∗

(
q21 , q

2
2

)
form factor (2.50) as a function of a cut-off Λ in the loop momenta.

3.3 η′-pole contribution

We compute the η′-pole contribution with the EVMD (2.50) form factor. We have
used the following input values: The mass of the muon m = mµ = 105.66 MeV ,
the mass of the eta prime meson M ′η = 958 MeV , the fine-structure constant α =
1/137.03599976, the eta prime decay constant F ′η = 74 MeV , the adjustable param-
eter Λ′η = 859 MeV in place of the vector-meson mass MV , the number of colours in
QCD Nc = 3, the Regge slope α′ = 1/2M2

V and the free parameter βρ = 2.33 [70].
The weight functions are shown in Fig. 3.6 and the EVMD form factor is shown

in Fig. 3.7. We observe that the VMD form factor limit Q2 → ∞ is above the
asymptotic expected behaviour (3.10).

The results of the η′-pole contribution (2.28) using the EVMD form factor are
shown in Table 3.4. Again, only when the cut-off exceeds about 2 GeV , the result
aµ stabilizes. Considering the saturated value from Table 3.4, our estimation for the
η′-pole contribution is

aLbL;η′

µ EVMD = (0.7± 0.1)× 10−10 (3.18)

where the error only reflects the corresponding variation in Λ′η. The errors from the
numerical integration are much smaller. In comparison, we give the value obtained
by Knecht and Nyffeler [43] using the VMD form factor,

aLbL;η′

µ VMD = (1.2± 0.1)× 10−10 (3.19)

This time, our result is more underestimated with respect to the Knecht and
Nyffeler fit, than the η-pole case. The reason is that the difference between the
EVMD and VMD form factors is larger than the η-pole case (see Fig. 3.7). However,
we also have noticed that the eta decay constant used by Knecht and Nyffeler is less
updated than ours.
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Figure 3.6: Weight functions of equations (2.36)-(2.37) for the η′-pole contribution.
Notice the difference in scales and ranges of Qi.

Figure 3.7: Comparison between the VMD (2.23) (dashed curve) and EVMD
(2.50) (solid curve) form factors, together with the asymptotic expected

behaviour (3.10) (dotted curve) for the η′-pole contribution.
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Λ [GeV] a
LbL;η′(1)
µ a

LbL;η′(2)
µ aLbL;η′

µ × 10−10

0.5 0.00201 0.000079 0.262
0.7 0.00322 0.000096 0.416
1.0 0.00434 0.000105 0.557
2.0 0.00520 0.000109 0.666
4.0 0.00529 0.000109 0.677
6.0 0.00529 0.000109 0.677
10.0 0.00529 0.000109 0.677

Table 3.4: Results of the η′-pole contribution (2.28) using the FEVMD
η′γ∗γ∗

(
q21 , q

2
2

)
form factor (2.50) as a function of a cut-off Λ in the loop momenta.

3.4 Pseudoscalar-pole contribution

The sum of the three light pseudoscalar poles (π0, η, η′) gives the pseudoscalar-pole
contribution. Our estimations are

aLbL;PS
µ = aLbL;π0

µ EVMD + aLbL;η′

µ EVMD + aLbL;η′

µ EVMD

= (6.2± 1.2)× 10−10
(3.20)

aLbL;PS
µ = aLbL;π0

µ ELMD + aLbL;η′

µ EVMD + aLbL;η′

µ EVMD

= (7.3± 1.2)× 10−10
(3.21)

where we have used the EVMD and ELMD π0-pole estimations respectively. The
errors have been added linearly. In comparison, we give the value obtained by Knecht
and Nyffeler [43]

aLbL;PS
µ = aLbL;π0

µ LMD+V + aLbL;η′

µ VMD + aLbL;η′

µ VMD

= (8.3± 1.2)× 10−10
(3.22)

We also provide the results obtained from other references and methods (see Fig. 3.8).
As observed, the values for the pseudoscalar (PS) contribution vary from 6×10−10 to
12×10−10. The two reference values, which are most frequently used in the literature,
are form the groups JN and PdRV,

aLbL;PS
µ = (9.9± 1.6)× 10−10 (3.23)

aLbL;PS
µ = (11.4± 1.3)× 10−10 (3.24)
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Figure 3.8: The HLbL and its different contributions from different references
and methods, representing the progress on the field and the variety of approaches
considered. † indicates used from a previous calculation. Units of 10−11. Adapted

from [49]. The references of the groups belong to [49].

Even though our estimations (3.20) and (3.21) fall within the range, they are
clearly below the average. As mentioned before, our extended form factors are smaller
than the non-extended versions. Consequently, our contributions are smaller too.
Additionally, they do not show the asymptotic behaviour expected from experiments
(3.10). Nevertheless, the Dual-QCD∞ model has the flexibility of controlling this
asymptotic behaviour with a single free parameter β. Then, it could be interesting
for future work to update this parameter in order to obtain form factors more fitted
to the experimental data. In fact, the parameter β used in our calculations is not
updated and it does not represent accurately all radial excitations of the rho meson.
Furthermore, the ηγγ and η′γγ transition form factors were adapted from the π0γγ
form factor. In order to improve the results, a detailed short-distance analysis of
these form factors in large-Nc QCD for non-zero quark masses should be performed,
as done for the π0γγ case.

In order to observe how our estimations affect the difference between the exper-
imental value of the anomalous magnetic moment of the muon aexp

µ (1.16) and its
theoretical counterpart in the standard model aSM

µ (Fig. 1.13), we complement our
results with those from the ”Glasgow consensus” (see PdRB group from Fig. 3.8).
We obtain

aHLbLµ EVMD = (5.3± 2.5)× 10−10 (3.25)

aHLbLµ ELMD = (6.4± 2.5)× 10−10 (3.26)

where the errors have been added in quadrature. Then, considering the results from
the other contributions of the SM (Fig. 1.13), we obtain

aSMµ EVMD = (11659172.8± 5.3)× 10−10 (3.27)

aSMµ ELMD = (11659173.9± 5.3)× 10−10 (3.28)
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and we end up with the following discrepancies

∆aEVMD
µ = aEXP

µ − aSM
µ EVMD = (36.3± 8.2)× 10−10 ≈ 4.4σ (3.29)

∆aELMD
µ = aEXP

µ − aSM
µ ELMD = (35.2± 8.2)× 10−10 ≈ 4.3σ (3.30)

These results substantially increase the discrepancy of 3−4σ between experiment and
theory that is obtained from the most recent models and data. Although it is not yet
a 5σ, it is a sign of New Physics more promising than before. The justification of this
outcome is the increase in the difference between theory and experiment. However,
there are still the theoretical uncertainties from HVP and HLbL that need to be better
controlled to draw firm conclusions. Furthermore, the Dual-QCD∞ model discussed
in this thesis is still incomplete and requires future work to review the form factors
again and to compute the remaining contributions of the HLbL scattering.
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Conclusions and future direction

In this thesis, we have evaluated the anomalous magnetic moment of the muon aµ in-
duced by the pseudoscalar-pole contribution to the hadronic light-by-light scattering
using the Dual-QCD∞ model. The aexp

µ measured by the Brookhaven National Lab-
oratory (BNL) E821 experiment represents an interesting but not yet conclusive 3.4σ
discrepancy from the Standard Model prediction (aSM

µ ), which is a very promising
signal of New Physics. Waiting for new results from the Fermilab E989 and J-PARC
E34 experiments, we have proposed a different theoretical approach to the HLbL
scattering.

As we have seen, due to the non-perturbative nature of QCD, the largest uncer-
tainties in the SM prediction come from the leading hadronic contributions: the HVP
and HLbL insertions. Unlike the HVP, the HLbL cannot be expressed in terms of
experimental observables and requires knowledge of QCD at all energy scales. Since
this is not known yet, one needs to rely on hadronic models to compute it. Using the
large-Nc and the chiral counting, it was proposed to split the HLbL into a set of differ-
ent contributions: pseudoscalar exchange (dominant), charged pion and kaon loops,
quark loop, and higher-spin exchanges. The large-Nc approach however has at least
two shortcomings: firstly, it is difficult to use experimental data in a large-Nc world.
Secondly, calculations carried out in the large-Nc limit demand an infinite set of res-
onances. Dealing with such sum remains cumbersome, and to a large extent illusory,
since the characteristics of these states (masses, couplings, etc.) are in general not
known. The purpose of the Dual-QCD∞ model that has been used in this thesis is to
sum up all the infinite number of zero width resonances that appear in the large-Nc

limit. In order to do so, the masses and couplings of the zero-width states are fixed so
that the form factors become Euler Beta functions of the Veneziano type, involving
one single free parameter β which controls their asymptotic power behaviour.

Among the different contributions to HLbL, we have focused on the pseudoscalar-
pole contribution. Fortunately, this contribution corresponds to the lowest-mass part
of the rank-four hadronic vacuum polarization tensor Πµνλρ that is leading in the
large-Nc limit. We have computed this contribution using the model from Knecht
and Nyffeler [43]. The resulting two-loop integrals are treated by first performing
the angular integration analytically, using the method of Gegenbauer polynomials
(hyperspherical approach), followed by a numerical evaluation of the remaining two-
dimensional integration over the moduli of the Euclidean loop momenta. However,
one needs a model for the transition form factor. We have used the Dual-QCD∞
model as an extension of the VMD and LMD transition form factors. Our motivations
for using this model have been the improved predictions of the radiative meson decay
widths using the EVMD form factor over the VMD results, and the hypothesis that
considering additional vector meson states should give a better approximation of the
form factors.
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The pseudoscalar-pole contribution is given by the sum of the three light pseu-
doscalar poles (π0, η, η′). We have computed and discussed the three of them sep-
arately, although they had a similar behaviour. In each case, we have seen that the
EVMD and ELMD form factors are smaller than the corresponding non-extended ver-
sions. Consequently, the contribution to aµ is smaller too. Our estimations have been

aLbL;PS
µ EVMD = (6.2± 1.2)× 10−10 and aLbL;PS

µ ELMD = (7.3± 1.2)× 10−10, which are clearly
below the average. Complementing these results with those from the ”Glasgow con-
sensus” we have obtained the discrepancies ∆aEVMD

µ ≈ 4.4σ and ∆aELMD
µ ≈ 4.3σ,

which substantially increase the discrepancy of 3−4σ between experiment and theory
that has been obtained from the most recent models and data. Therefore, it is a sign
of New Physics more promising than before.

Despite the results obtained, there is still much work to be done in order to
complete and improve our predictions. On one hand, we have restricted our analysis
in the pion-pole approximation, which takes the form factor on the pion mass shell
such that it simplifies the calculations. However, the pion is not necessarily near
the pole, i.e. it holds for off-shell pions as well. Then, not only seems reasonable
to consider the general case (pseudoscalar-exchange) because it is more complete,
but also because the pion-pole approach has been recently criticized. Since we only
have focused in the pseudoscalar-pole contribution, we should leave for future work a
complete discussion of the Πµνλρ in order to study the remaining contributions of the
HLbL within a theoretical framework close to the one adopted here. Furthermore,
the ηγγ and η′γγ transition form factors were adapted from the π0γγ form factor. In
order to improve the results, a detailed short-distance analysis of these form factors
in large-Nc QCD for non-zero quark masses should be performed, as done for the
π0γγ case. On the other hand, we have seen that the extended form factors deduced
from the Dual-QCD∞ model do not show the asymptotic behaviour expected from
experiments. Nevertheless, the Dual-QCD∞ model has the flexibility of controlling
this asymptotic behaviour with a single free parameter β. Then, it could be interesting
for future work to update this parameter in order to obtain form factors more fitted
to the experimental data.
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